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We will connect three threads of research to elucidate a family of popular double 
machine learning estimators: 

1. Linear weighting is equivalent to linear outcome regression 

2. A parametric outcome model can be doubly robust 

3. Theoretically, undersmoothed nonparametric regression can be efficient  
     But practically, undersmoothing is a “dark art” (Bruce Hansen) 

                      

3

Many popular “double machine learning” estimators collapse and can                                                               
be analyzed as undersmoothed outcome regression



Goals

- To demystify Automatic Debased Machine Learning (AutoDML), a class of double 
machine learning that has exploded in popularity 

- To see how and why some outcome models are doubly robust 

- To provide practical guidance for hyperparameter selection in kernel ridge 
regression
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Outline

- Estimating a missing (counterfactual) mean 

- Balancing weights and augmented balancing weights (aka AutoDML) 

- New results show that augmented linear balancing weights collapse to a linear 
outcome model 

- Implications for kernel ridge and double kernel ridge in practice 
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Review: 
Estimating a counterfactual mean



Fundamental problem of causal inference

 Goal: estimate   

Challenge: need to estimate unobserved counterfactual means  

 and   

ATE = 𝔼[Y(1)] − 𝔼[Y(0)]

𝔼[Y(1) |T = 0] 𝔼[Y(0) |T = 1]



3 identifying functionals         3 types of estimators:  

- Weighting (aka Riesz representer) 

,  

- Outcome regression 
 

- Doubly robust 

𝔼 [ T
e(X)

Y] e(X) = P(T = 1 |X)

𝔼[𝔼[Y |T = 1,X]]

𝔼 [𝔼[Y |T = 1,X] +
T

e(X)
{Y − 𝔼[Y |T = 1,X]}]

Estimating 𝔼[Y(1)]



When everything is linear…

In this talk,  and  are both assumed to be linear in   

(or in a possibly infinite basis expansion of :  

RKHS, HAL, infinite-width neural networks, “honest” random forests) 

𝔼[Y |T, X]
T

e(X)
X

X



When everything is linear…

               , where  

                   where 

w(X) =
T

e(X)
= Xθ ⟹ �̂�[Y(1)] = X ̂θY ̂θ = (XTX)−1XT

𝔼[Y |T = 1,X] = Xβ ⟹ �̂�[Y(1)] = ̂βY ̂β = X(XTX)−1XT



OLS is doubly robust!

[Robins et al., 2007]

X(XTX)−1XTY

ŵ



OLS is doubly robust!

X(XTX)−1XTY

ŵ

  if 

1.   

2.

→ 𝔼[Y(1)]
ŵ →

1
e(X)

X ̂βols → 𝔼[Y |T = 1,X]

[Robins et al., 2007]



OLS is doubly robust!

[Robins et al., 2007]

X ̂β + ŵ(Y − X ̂β) = X ̂β = ŵY

Doubly robust Outcome  
regression

Weighting



Foreshadowing

We generalize the “OLS is doubly robust” result to any nonparametric 
outcome and weight models that are linear in a basis expansion of   X



Review: 
Estimating a missing mean



Source Target
<latexit sha1_base64="yn72uj8s/DTU/8kMNFSQDJp4LEM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsW7APaQTLpnTY2kxmSjFCGfoEbF4q49ZPc+Tem7Sy09UDgcM655N4TJIJr47rfTmFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nfrtJ1Sax/LejBP0IzqQPOSMGis16g/lilt1ZyDLxMtJBXLY/FevH7M0QmmYoFp3PTcxfkaV4UzgpNRLNSaUjegAu5ZKGqH2s9miE3JilT4JY2WfNGSm/p7IaKT1OApsMqJmqBe9qfif101NeO1nXCapQcnmH4WpICYm06tJnytkRowtoUxxuythQ6ooM7abki3BWzx5mbTOqt5l9aJxXqnd5HUU4QiO4RQ8uIIa3EEdmsAA4Rle4c15dF6cd+djHi04+cwh/IHz+QOs2Yze</latexit>

P
<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q

Y observed Y missing
 observedX  observedX

𝔼Q[Y]

Estimating the mean of a (partially) unobserved outcome

Weighting estimator:  with 𝔼P [w(X)Y] w(X) =
dQ
dP

(X)



Weighting estimator:  with 𝔼P [w(X)Y] w(X) =
1

e(X)

Estimating the mean of a (partially) unobserved outcome

Treated Population
<latexit sha1_base64="yn72uj8s/DTU/8kMNFSQDJp4LEM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsW7APaQTLpnTY2kxmSjFCGfoEbF4q49ZPc+Tem7Sy09UDgcM655N4TJIJr47rfTmFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nfrtJ1Sax/LejBP0IzqQPOSMGis16g/lilt1ZyDLxMtJBXLY/FevH7M0QmmYoFp3PTcxfkaV4UzgpNRLNSaUjegAu5ZKGqH2s9miE3JilT4JY2WfNGSm/p7IaKT1OApsMqJmqBe9qfif101NeO1nXCapQcnmH4WpICYm06tJnytkRowtoUxxuythQ6ooM7abki3BWzx5mbTOqt5l9aJxXqnd5HUU4QiO4RQ8uIIa3EEdmsAA4Rle4c15dF6cd+djHi04+cwh/IHz+QOs2Yze</latexit>

P
<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q

 observedY(1)  partially missingY(1)
 observedX  observedX

𝔼[Y(1)]



Estimating the weights

Traditional IPW:   plug in   

Balancing weights:  

- Estimate via constrained optimization / moment equations 
[Ben-Michael, Feller, et al., 2021] 

- Proposed many times in different areas: 

Survey calibration [Deville and Särndal, 1992] 
Synthetic control [Abadie and Gardeazabal, 2003] 
Direct density ratio estimation [Kanamori, Hido, Sugiyama, 2009] 
Balancing weights [Hainmuller 2012, Zubizarreta 2015] 
Automatic estimator of Riesz representer [Chernozhukov et al, 2022]

̂e(X) ≈ ℙ(treat ∣ X) →
1
̂e(X)

Control Population

<latexit sha1_base64="W9geEblbfoROg7JG1FYpYjyOjk8=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l04zIF+4A2lMlk0g6dTOLMpFBCvsONC0Xc+jHu/BunbRbaeuDC4Zx7ufceP+FMadv+tkpr6xubW+Xtys7u3v5B9fCoreJUEtoiMY9l18eKciZoSzPNaTeRFEc+px1/fD/zOxMqFYvFo54m1IvwULCQEayN5PVDiUkWNPMscPNBtWbX7TnQKnEKUoMC7qD61Q9ikkZUaMKxUj3HTrSXYakZ4TSv9FNFE0zGeEh7hgocUeVl86NzdGaUAIWxNCU0mqu/JzIcKTWNfNMZYT1Sy95M/M/rpTq89TImklRTQRaLwpQjHaNZAihgkhLNp4ZgIpm5FZERNjlok1PFhOAsv7xK2hd157p+1bysNe6KOMpwAqdwDg7cQAMewIUWEHiCZ3iFN2tivVjv1seitWQVM8fwB9bnDx2Vklc=</latexit>

dQ

dP

<latexit sha1_base64="yn72uj8s/DTU/8kMNFSQDJp4LEM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsW7APaQTLpnTY2kxmSjFCGfoEbF4q49ZPc+Tem7Sy09UDgcM655N4TJIJr47rfTmFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nfrtJ1Sax/LejBP0IzqQPOSMGis16g/lilt1ZyDLxMtJBXLY/FevH7M0QmmYoFp3PTcxfkaV4UzgpNRLNSaUjegAu5ZKGqH2s9miE3JilT4JY2WfNGSm/p7IaKT1OApsMqJmqBe9qfif101NeO1nXCapQcnmH4WpICYm06tJnytkRowtoUxxuythQ6ooM7abki3BWzx5mbTOqt5l9aJxXqnd5HUU4QiO4RQ8uIIa3EEdmsAA4Rle4c15dF6cd+djHi04+cwh/IHz+QOs2Yze</latexit>

P
<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q

<latexit sha1_base64="h/7045/LkirViWpsOQGGkhLoNLM=">AAACDHicbVC7TsMwFHXKq5RXgZHFokIqS5UgXmMFC2Mr0YfUVJXjOK1VJ7ZsB6iifAALv8LCAEKsfAAbf4PTZoCWI1k6OudcXd/jCUaVtu1vq7C0vLK6VlwvbWxube+Ud/faiscSkxbmjMuuhxRhNCItTTUjXSEJCj1GOt74OvM7d0QqyqNbPRGkH6JhRAOKkTbSoFxxR0gn92m1ewxdJITkD9ANJMKJ30wTv5EZJmXX7CngInFyUgE5GoPyl+tzHIck0pghpXqOLXQ/QVJTzEhacmNFBMJjNCQ9QyMUEtVPpsek8MgoPgy4NC/ScKr+nkhQqNQk9EwyRHqk5r1M/M/rxTq47Cc0ErEmEZ4tCmIGNYdZM9CnkmDNJoYgLKn5K8QjZKrQpr+SKcGZP3mRtE9qznntrHlaqV/ldRTBATgEVeCAC1AHN6ABWgCDR/AMXsGb9WS9WO/WxyxasPKZffAH1ucP/TSa9A==</latexit>

ŵ(X) ⇡ dQ

dP
(X)



Review: 
Balancing Weights



Automatic Debiased Machine Learning (AutoDML)

Balancing Weights

Generalized Regression Estimators (GREG)

Direct Density Ratio Estimation

Review: Ben-Michael, Feller, et al. [2021]

311



Background: Balancing weights

Source Target
<latexit sha1_base64="yn72uj8s/DTU/8kMNFSQDJp4LEM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsW7APaQTLpnTY2kxmSjFCGfoEbF4q49ZPc+Tem7Sy09UDgcM655N4TJIJr47rfTmFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nfrtJ1Sax/LejBP0IzqQPOSMGis16g/lilt1ZyDLxMtJBXLY/FevH7M0QmmYoFp3PTcxfkaV4UzgpNRLNSaUjegAu5ZKGqH2s9miE3JilT4JY2WfNGSm/p7IaKT1OApsMqJmqBe9qfif101NeO1nXCapQcnmH4WpICYm06tJnytkRowtoUxxuythQ6ooM7abki3BWzx5mbTOqt5l9aJxXqnd5HUU4QiO4RQ8uIIa3EEdmsAA4Rle4c15dF6cd+djHi04+cwh/IHz+QOs2Yze</latexit>

P
<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q

Y observed Y missing
 observedX  observedX

<latexit sha1_base64="W9geEblbfoROg7JG1FYpYjyOjk8=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTia1l04zIF+4A2lMlk0g6dTOLMpFBCvsONC0Xc+jHu/BunbRbaeuDC4Zx7ufceP+FMadv+tkpr6xubW+Xtys7u3v5B9fCoreJUEtoiMY9l18eKciZoSzPNaTeRFEc+px1/fD/zOxMqFYvFo54m1IvwULCQEayN5PVDiUkWNPMscPNBtWbX7TnQKnEKUoMC7qD61Q9ikkZUaMKxUj3HTrSXYakZ4TSv9FNFE0zGeEh7hgocUeVl86NzdGaUAIWxNCU0mqu/JzIcKTWNfNMZYT1Sy95M/M/rpTq89TImklRTQRaLwpQjHaNZAihgkhLNp4ZgIpm5FZERNjlok1PFhOAsv7xK2hd157p+1bysNe6KOMpwAqdwDg7cQAMewIUWEHiCZ3iFN2tivVjv1seitWQVM8fwB9bnDx2Vklc=</latexit>

dQ

dP

𝔼P [ dQ
dP

(X)Y] = 𝔼Q[Y]

w(X)



Population Balance Property

�̂aug ! �̂reg

� ! 1

Xp 2 H
n

�̂ols = (XT
p Xp)

†XT
p yp = XT

p (XpX
T
p )

�1yp

Ê[Xq�̂ols] + Ê[ŵ(Xp)(yp �Xp�̂ols)] = Ê[Xq�̂ols]

�j  �

a� 2 Rd

Ê[ŵ(Xp)yp]

min
✓2Rd

(
EP

"✓
dQ

dP
(X)�X✓

◆2
#
+ �k✓k

)

Ep[w(X)f(X)] = Eq[f(X)]

dQ

dP
(X)

9

unique weights that balance all f(X)

�̂aug ! �̂reg

� ! 1

Xp 2 H
n

�̂ols = (XT
p Xp)

†XT
p yp = XT

p (XpX
T
p )

�1yp

Ê[Xq�̂ols] + Ê[ŵ(Xp)(yp �Xp�̂ols)] = Ê[Xq�̂ols]

�j  �

a� 2 Rd

Ê[ŵ(Xp)yp]

min
✓2Rd

(
EP

"✓
dQ

dP
(X)�X✓

◆2
#
+ �k✓k

)

Ep[w(X)f(X)] = Eq[f(X)]

Ep[w(X)f(X)]� Eq[f(X)] = 0

dQ

dP
(X)

9

Background: Balancing weights

(Why ? Think of  )f(X) 𝔼p[Y |X]

∀f(),



Population Balance Property

�̂aug ! �̂reg

� ! 1

Xp 2 H
n

�̂ols = (XT
p Xp)

†XT
p yp = XT

p (XpX
T
p )

�1yp

Ê[Xq�̂ols] + Ê[ŵ(Xp)(yp �Xp�̂ols)] = Ê[Xq�̂ols]

�j  �

a� 2 Rd

Ê[ŵ(Xp)yp]

min
✓2Rd

(
EP

"✓
dQ

dP
(X)�X✓

◆2
#
+ �k✓k

)

Ep[w(X)f(X)] = Eq[f(X)]

Ep[w(X)f(X)]� Eq[f(X)] = 0

dQ

dP
(X)
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Background: Balancing weights
Treated Population

<latexit sha1_base64="yn72uj8s/DTU/8kMNFSQDJp4LEM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsW7APaQTLpnTY2kxmSjFCGfoEbF4q49ZPc+Tem7Sy09UDgcM655N4TJIJr47rfTmFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nfrtJ1Sax/LejBP0IzqQPOSMGis16g/lilt1ZyDLxMtJBXLY/FevH7M0QmmYoFp3PTcxfkaV4UzgpNRLNSaUjegAu5ZKGqH2s9miE3JilT4JY2WfNGSm/p7IaKT1OApsMqJmqBe9qfif101NeO1nXCapQcnmH4WpICYm06tJnytkRowtoUxxuythQ6ooM7abki3BWzx5mbTOqt5l9aJxXqnd5HUU4QiO4RQ8uIIa3EEdmsAA4Rle4c15dF6cd+djHi04+cwh/IHz+QOs2Yze</latexit>

P
<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
𝔼Q[Y(1)]

1
e(X)

unique weights that nonparametrically balance  𝔼[Y |X]



Background: Balancing weights

 sup
f

{𝔼P[w(X)f(X)] − 𝔼Q[ f(X)]} = 0

 is the unique solution to
dQ
dP

(X)

⟺

�̂aug ! �̂reg

� ! 1

Xp 2 H
n

�̂ols = (XT
p Xp)

†XT
p yp = XT

p (XpX
T
p )

�1yp

Ê[Xq�̂ols] + Ê[ŵ(Xp)(yp �Xp�̂ols)] = Ê[Xq�̂ols]

�j  �

a� 2 Rd

Ê[ŵ(Xp)yp]

min
✓2Rd

(
EP

"✓
dQ

dP
(X)�X✓

◆2
#
+ �k✓k

)

Ep[w(X)f(X)] = Eq[f(X)]

Ep[w(X)f(X)]� Eq[f(X)] = 0

dQ

dP
(X)

9

imbalance

∀f(),



Background: Balancing weights

 sup
f

{𝔼P[w(X)f(X)] − 𝔼Q[ f(X)]} = 0

restrict our attention to function class ℱ

sup
f∈ℱ

{𝔼P[w(X)f(X)] − 𝔼Q[ f(X)]} = 0



�̂aug ! �̂reg

� ! 1

Xp 2 H
n

�̂ols = (XT
p Xp)

†XT
p yp = XT

p (XpX
T
p )

�1yp

Ê[Xq�̂ols] + Ê[ŵ(Xp)(yp �Xp�̂ols)] = Ê[Xq�̂ols]

�j  �

a� 2 Rd

Ê[ŵ(Xp)yp]

min
✓2Rd

(
EP

"✓
dQ

dP
(X)�X✓

◆2
#
+ �k✓k

)

Ep[w(X)f(X)] = Eq[f(X)]

dQ

dP
(X)

9

Background: Balancing weights

No longer unique weights to satisfy this property! 

sup
f∈ℱ

{𝔼P[w(X)f(X)] − 𝔼Q[ f(X)]} = 0



Background: Balancing weights

sup
f∈ℱ

{𝔼P[w(X)f(X)] − 𝔼Q[ f(X)]} = 0

 in  

any weights that satisfy this equation can be used to identify and estimate  

𝔼[Y |X] ℱ ⟹
𝔼Q[Y]



Background: Balancing weights

 sup
f∈ℱ

{𝔼P[w(X)f(X)] − 𝔼Q[ f(X)]} ≤ δ

 in  

any weights that satisfy this inequality have small bias for estimating   

𝔼[Y |X] ℱ ⟹
𝔼Q[Y]
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Consider the class of linear functionals 
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*
ℓ2

Population imbalance
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Minimum variance

• hyperparameter
• selected in finite samples with CV
•  with n→ 0

≤ δ
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Balancing weights

Control covariates

Generalized Regression Estimator (GREG) [Deville and Särndal, 1992] 
De-biased Lasso [Javanmard and Montanari, 2014] 
Approximate Residual Balancing [Athey, Imbens, and Wager, 2018] 
Augmented Minimax Linear Estimation [Hirshberg and Wager, 2021] 
Augmented Synthetic Control Method [Ben-Michael, Feller, and Rothstein, 2021] 
Automatic Debiased Machine Learning (AutoDML) [Chernozhukov et al, 2022]

Augmented balancing weights, aka AutoDML

(Regularized) outcome model (Regularized) linear balancing weights



Balancing weights

Control covariates
Augmentation term: corrects bias,  
undersmoothes relative to outcome model 

Regularized outcome model optimizes MSE



Balancing weights

Control covariates
Augmentation term: corrects bias,  
undersmoothes relative to outcome model 

Regularized outcome model optimizes MSE

Double machine learning 
- Bias of DR estimator behaves as product of  

- Can get  rates even if  and  converge slowly 
( ̂β − β)(ŵ − w)

n ̂β ŵ



“Ridge”
“ℓ2-penalized outcome model”

“ℓ2-penalized weight model” “ℓ2 balancing”

“Lasso”
“ℓ1-penalized outcome model”

“ℓ1-penalized weight model” “ℓ∞ balancing”

dual 
norm

dual 
norm

Terminology break



Outcome regularization  
hyperparameter

Weight regularization  
hyperparameter

Maximum allowed  
imbalance

Exact Balancing Weights

A little more notation…



 add intercept to weight 
and outcome models

≡

Clean up covariates
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�q := X̄q � X̄p = X̄q

Center Covariates

Covariate Shift

Diagonal Covariance

discuss general case 
in paper



New Results



(Regularized) outcome model Balancing weights

Control covariates



(Regularized) linear balancing weights(Regularized) outcome model



(Regularized) linear balancing weights(Regularized) outcome model



Equivalent to undersmoothed 
outcome model

(Regularized) linear balancing weights(Regularized) outcome model



X can be infinite 
dimensional

Extend to nonlinear 
weights

(Regularized) linear balancing weights(Regularized) outcome model

Equivalent to undersmoothed 
outcome model



combination  

Characterize for different model 
choices

Can collapse to OLS in practice 
(e.g., LaLonde)

(Regularized) linear balancing weights(Regularized) outcome model



Recall…

[Fuller, 2002; Kline, 2011; Chattopadhay and Zubizarreta, 2021]



Recall…



Recall…



Recall…



Old equivalence

Warmup: Linear balancing Weights  Outcome Modeling↔



Old equivalence

Generalization

Warmup: Linear balancing Weights  Outcome Modeling↔



Any linear 
balancing weights

Old equivalence

Generalization

Warmup: Linear balancing Weights  Outcome Modeling↔



Any linear 
balancing weights

Old equivalence

Generalization

Reweighted 
covariates

Warmup: Balancing and OLS



Apply last result: = X̂q
̂βOLS

Augmented Balancing Weights as Linear Regression



Augmented Balancing Weights as Linear Regression
Apply last result: = X̂q

̂βOLS



Augmented Balancing Weights as Linear Regression
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Apply last result: = X̂q
̂βOLS



Augmented Balancing Weights as Linear Regression
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Augmented Balancing Weights as Linear Regression
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Augmented Balancing Weights as Linear Regression
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AutoDML procedure can collapse to OLS in practice! 

This happens frequently when cross-validating the Riesz loss



Implications

If we could estimate  directly, it would be doubly robust 𝔼[Xq
̂βaug]

  if 

1.   

2.

→ 𝔼Q[Y]

ŵ(Xp) →
dQ
dP

(X)

Xq
̂βreg → 𝔼[Y |X]

 𝔼[Xq
̂βaug]



Numeric results hold for a broad class
Linear in any features 
- Includes ridge, lasso, kernel ridge, PCR, honest random forests 

- Includes d > n or infinite-dimensional settings  use minimum-norm interpolant for OLS 
- Last layer embedding from pre-trained LLM

→

Riesz Representer: Extend to general linear functionals



“Undersmoothed” linear regression: special cases
Ridge outcome + ridge weights (  balancing) 
[e.g., Singh, 2021; variation of Ben-Michael et al., 2021] 
-   single, undersmoothed ridge regression 

- Asymptotics: optimally undersmoothed kernel ridge 

Lasso outcome + lasso weights (  balancing) 
[e.g., Chernozhukov et al., 2022; variation of Athey et al., 2018] 
-  : “double selection” [Belloni et al., 2014] 

- Undersmoothing in # of included covariates (  “norm”)

ℓ2

̂βaug = ̂βridge →

ℓ∞

̂βaug
ℓ0



Double (Kernel) Ridge 
(  balancing + ridge regression)ℓ2
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Ridge + Ridge: Summary
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Ridge + Ridge: Summary

undersmoothed ridge

ridge ridge



Ridge + Ridge

Cross-
validation



Ridge + Ridge



Ridge + Ridge
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boost

]

�̂aug = �̂reg + �̂�
boost

�̂�
ridge

�̂�cv
ridge

�̂�
ridge,j =

 
�2

j

�2

j + �

!
�̂ols,j

�̂aug,j =

 
�2

j

�2

j + �j

!
�̂ols,j

=

 
�2

j + �j + �

�2

j + �

! 
�2

j

�2

j + �

!
�̂ols,j

�̂aug = a � �̂ols + (1� a) � �̂reg

�̂aug = a� � �̂ols + (1� a�) � �̂
�
ridge

XT
p Xp = �2I

7



Look the same, except 
different asymptotes

Ridge + Ridge



Ridge + Ridge = Ridge!

(Generalized) 
Ridge Regression

⇒

Undersmoothing!

Ridge Regression

+

Ridge Weights



Undersmoothed ridge regression is doubly robust 

  if 

1.   

2.

→ 𝔼Q[Y]

ŵ(Xp) →
dQ
dP

(X)

Xq
̂βreg → 𝔼[Y |X]

 𝔼[Xq
̂βaug]



The “dark art” of  
undersmoothing
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Regularized regression 
[refs] 
- Typically tuning parameter chosen by minimizing MSE in cross validation 

- In high dimensions does not achieve  rate of convergence 

Undersmoothing, aka overfitting 
[Newey 1994; Newey et al, 1998; Artefaie et al. 2023; lots of recent work ] 
- Prioritizes bias over variance; not MSE optimal 

- Optimal undersmoothing can achieve  rates! 
- Often, achieving optimal undersmoothing in practice is a dark art  (-Bruce Hansen) 

….. until now! (for kernel ridge)

n

n



74

Kernel ridge + Kernel ridge: Undersmoothing + Asymptotics



Existing results
Optimally undersmoothed 

Single kernel ridge 
[Hirshberg et al., 2019; Mou et al., 2023]Augmented balancing weights  

“Double kernel ridge” 
[Wong and Chan, 2018; Singh, 2021]
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[Wong and Chan, 2018]
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New results

↔
equivalent 

in finite samples
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New results

     New practical guidance: 
Cross-validate         to select  

⟹
λ δ = λ

γ = λ2

In simulations we find that cross validating the Riesz loss often collapses to OLS, while 
this method performs surprisingly well! 



The point estimate for the augmented estimator across the weighting hyperparameter ; the black triangle 
corresponds to the OLS point estimate, the green dotted line corresponds to cross-validated balance, the red 
dotted line corresponds to cross-validated Riesz loss, and the purple dotted line corresponds to the ridge outcome 
hyperparameter. 

δ

Lalonde



New results

New hyperparameter regimes for infinite dimensional RKHSs 

 

(depending on smoothness and effective dimension) 

                      

γ ∈ (n−2, n−2/3)



New results

Finite sample bias and variance of double kernel ridge: 

                      

Dobriban and Wager, 2018



undersmoothed ridge

ridge

Ridge + Ridge: Summary

ridge



Wrapping Up



Augmented balancing weights as linear regression
Our paper: Under linearity, equivalent to single (“undersmoothed”) regression  

- Augmenting with balancing weights  shifts model toward OLS, sometimes all the way 

- Ridge outcome + ridge weighting  single, undersmoothed ridge regression 

- Lasso outcome + lasso weighting  double selection 

- Optimally undersmoothed kernel ridge regression 

- Non-linear links, general linear functionals 

Many extensions in progress: 
- Practical recommendations; hyperparameter tuning; inference … 

Some follow-up projects: 
- Synthetic controls: simplex constraints, comparison with Local Projections 

- Multicalibration: optimality vs robustness in algorithmic fairness 

- Proximal causal inference: extending results to Fredholm integral equations

→

→

→



Thank you!


